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On Local Strong Solntions to the Cauchy Problem of 
Two-Dimensional Density-Dependent Magnetohydrodynamic 

Equations with Vacuum * 
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Abstract 

This paper concerns the Cauchy problem of the nonhomogeneous incompressible mag¬ 
netohydrodynamic (MHD) equations on the whole two-dimensional (2D) space with vac¬ 
uum as far field density. In particular, the initial density can have compact support. We 
prove that the 2D Cauchy problem of the nonhomogeneous incompressible MHD equa¬ 
tions admits a unique local strong solution provided the initial density and the initial 
magnetic decay not too slow at infinity. 

Keywords: nonhomogeneous incompressible MHD equations; vacuum; strong solutions; 

Cauchy problem. 

Math Subject Classification: 35Q35; 76D03; 76W05. 


1 Introduction and main results 

We consider the two-dimensional nonhomogeneous incompressible magnetohydrodynamic 
equations which read as follows: 

/ 

pt + div(/9u) = 0, 

(/9tt)i-b div(/9u (8) u)-b VP =/iAn-b rr • vrr — 

' Ht - uAH + U-VH - H ■Vu = 0, 
divu = divP = 0, 

where t > 0 is time, x = {xi,X 2 ) G U C is the spatial coordinate, and p = p{x,t), 
u = {u^,u‘^){x,t), H = {H^, H‘^){x,t), and P = P{x,t) denote the density, velocity, magnetic, 
and pressure of the fluid, respectively; p > 0 stands for the viscosity constant. The constant 
> 0 is the resistivity coefficient which is inversely proportional to the electrical conductivity 
constant and acts as the magnetic diffusivity of magnetic fields. 

Let D = and we consider the Cauchy problem for (|l.ip with (p, u, H) vanishing at 
infinity (in some weak sense) and the initial conditions: 

p{x,0) = po{x), pu{x,0) = pouoix), H{x,0) = Ho{x), x G D, (1.2) 
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for given initial data po,uo and Hq. 

Magnetohydrodynamics studies the dynamics of electrically conducting fluids and the the¬ 
ory of the macroscopic interaction of electrically conducting fluids with a magnetic field. In 
particular, if there is no electromagnetic effect, that is H = 0, the MHD system reduces 
to the Navier-Stokes equations, which have been discussed by many mathematicians, please 
see [HI^ISl fTOlfT^fTSlfTSHM] and references therein. Since the fluid motion and the magnetic 
field are strongly couplied and interplay interaction with each other, it is rather compli¬ 
cated to investigate the MHD system. Now, we briefly recall some results concerning with 
the multi-dimensional nonhomogeneous incompressible MHD equations which are more rel¬ 
atively to our problem. Gerbeau-Le Bris m and Desjardins-Le Bris [9] studied the global 
existence of weak solutions with finite energy on 3D bounded domains and on the torus, 
respectively. In the absence of vacuum, Abidi-Hmidi [T] and Abidi-Paicu [2] established the 
local and global (with small initial data) existence of strong solutions in some Besov spaces, 
respectively. In the presence of vacuum, under the following compatibility conditions, 

divuo = divflo = 0, —Auo + 'VPo — {HQ-'V)HQ = pQ^^g, in D, (1.3) 

where (Pq, g) G x and D = R^, Chen-Tan-Wang [6] obtained the local existence of 
strong solutions to the 3D Cauchy problem, and proved the local solution is global provided 
the initial data satisfy some smallness conditions. When D C R^ is a bounded domain, 
Huang-Wang m investigated the global existence of strong solution with general large data 
when the initial density contains vacuum states and the initial data satisfy the compatibility 
conditions (II.3p . 

Recently, Li-Liang [20] established the local existence of strong solutions to the 2D Cauchy 
problem of the compressible Navier-Stokes equations on the whole space R^ with vacuum 
as far field density. Later, Lii-Huang [25] obtained the local strong solutions to 2D Cauchy 
problem of the compressible MHD equations, which generalized the results of m to the 
MHD system. Motivated by |20|, Liang [22| proved the local existence of strong solutions to 
2D Cauchy problem of the incompressible Navier-Stokes equations, that is (ILI])-([L2|) with 
H = 0. However, for the Cauchy problem ()l.lh - (ll.2p with Q = R^, it is still open even for 
the local existence of strong solutions when the far field density is vacuum, in particular, the 
initial density may have compact support. In fact, this is the main aim in this paper. 

Now, we wish to define precisely what we mean by strong solutions. 

Definition 1.1 If all derivatives involved in CH) for {p, u, P, H) are regular distributions, 
and equations D hold almost everywhere in R^ x (0,r), then {p,u, P, H) is called a strong 
solution to m- 

In this section, for 1 < r < oo and k > 1, we denote the standard Lebesgue and Sobolev 
spaces as follows: 

= L''(r2), = W^’^(r2), 

Theorem 1.1 Let % be a positive constant and 

X = (e -k log^+^°(e -k |xp). (1.4) 

For constants q > 2 and a> 1, assume that the initial data {po,uo, Hq) satisfy 

Jpo > 0, pox^ GL^nH^n G L2, 

\-\/Po'U'0 G Vuq G VHq G divuo = divPo = 0. 
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Then there exists a positive time Tq > 0 sueh that the problem (inD-dol) has a unique strong 
solution {p, u, P, H) on x (0, Tq] satisfying 

'o<p£ C{[o,To]-L^ nH^ 

G L°°(0, To; L^nH^n 

y/pu, Vu, x~^u, y/ly/puti Vi'^P, ViV'^u G L°°(0, Tq; L^), 
H,Hx^/^,VH,ViHt, ViV^H e L^{0,To;L^), 

< VuGL2(o,ro;//i)nL(''+i)/'?(0,To;Tyi’‘'), (1.6) 

VP G L2(o, To; P2) n p(9+i)/'?(0, Tq; P'?), 

VP G L2(o,ro;Pi), Pi, VPW2 g L2(o,ro;P2), 

ViVu G L2(0,ro;lV^’«), 

^^/put, v^VPx“/^, VtVut, ViVHt, Vtx~^ut G L^(M^ x (OjTo)), 

and ^ 

inf / p(x,t)dx > - po(x)dx, (1.7) 

OGtGTb 4 Jr2 

/or some constant N > 0 and Bn — {x G M^| \x\ < P}. 

Remark 1.1 Compared with and there is no need to impose the additional compati¬ 
bility conditions of the initial data for the local existence of strong solutions. 

If P = Pq = 0, Theorem 1.1 directly yields the following local existence theorem for the 
density-dependent Navier-Stokes equations. 

Theorem 1.2 Let po and x be as in (m. For constants q > 2 and a > 1, assume that the 
initial data {po,uo) satisfy 

Po > 0, pqx°' G n P^ n W^’^, ^/poUo G P^, Vuq G P^, divno = 0. 

Then there exists a positive time Pq > 0 such that the 2D Cauchy problem of the density- 
dependent Navier-Stokes equations, thai is (iri])-(lL2l) with P = 0, has a unique strong solu¬ 
tion {p,u,P) on X (0, To] satisfying (II.6p where P = 0, and (II.7p . 

Remark 1.2 Our Theorem \1. ‘A holds for arbitrary a > 1 which is in sharp contrast to Liang 
where a G (1,2) is required. 

We now make some comments on the key ingredients of the analysis in this paper. It should 
be pointed out that, for the whole two-dimensional space, it seems difficult to bound the 
PP(M^)-norm of n just in terms of \\p^^‘^u\\]^ 2 (^ 2 '^ and || Vn|| 2 , 2 (R 2 ). Furthermore, as mentioned 
in many papers (see [IH[25l[26] for example), the strong coupling between the velocity field 
and the magnetic field, such as |||m||P||| and |||u||VP|||, will bring out some new difficulties. 
In order to overcome these difficulties stated above, we will use some key ideas due to [201125] 
where they deal with the 2D compressible Navier-Stokes and MHD equations, respectively. 
On the one hand, motivated by [20], it is enough to bound the PP(M^)-norm of the momentum 
pu instead of just the velocity u. More precisely, using a Hardy-type inequality (see (|3.111) 1 
which is originally due to Lions [23], together with some careful analysis on the spatial 
weighted estimate of the density (see (|3.13p l. we can obtain the desired estimates on the 
PP(M^)-norm of pu (see (|3.20p l. On the other hand, inspired by [25], we deduce some spatial 
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weighted estimates on both H and Vif (i.e., and see (j.S.lGp and ()3.5ip i 

which are crucial to control the coupled terms, such as |||tt||-ff||| and |||M||V-ff|||. Next, we 
then construct approximate solutions to (jl.lj] . that is, for density strictly away from vacuum 
initially, consider a initial boundary value problem of (|l.in in any bounded ball Br with 
radius R > 0. Finally, combining all key points mentioned above with the similar arguments 
as in [ziEniES], we derive some desired bounds on the gradients of both the solutions and the 
spatial weighted density, which are independent of both the radius of the balls Bfi and the 
lower bound of the initial density. 

The rest of the paper is organized as follows: In Section 2, we collect some elementary facts 
and inequalities which will be needed in later analysis. Sections 3 is devoted to the a priori 
estimates which are needed to obtain the local existence and uniqueness of strong solutions. 
The main result Theorem 11.11 is proved in Section 4. 


2 Preliminaries 


In this section, we will recall some known facts and elementary inequalities which will be 
used frequently later. First of all, if the initial density is strictly away from vacuum, the 
following local existence theorem on bounded balls can be shown by similar arguments as 


m 


Lemma 2.1 For R> 0 and Br = {x € M^||x| < R}, assume that {po,uo, Hq) satisfies 
{po,uo,Ho) E H‘^{Br), inf po{x) > 0, divuo = divHo = 0. 


xGBr 


( 2 . 1 ) 


Then there exist a small time Tr > 0 such that the equations ([HD with the following initial- 
boundary-value conditions 


I ip,u,H)ix,t = 0) = {po,uo,Ho), x E Br, 

= 0, H{x,t) = 0, X E OBr, t > 0, 

has a unique classical solution {p, u, P, H) on Br x (0, Tr\ satisfying 


( 2 . 2 ) 


peC{[0,TR];H^), 

{u,H)GC{[0,TR]-H^)nL^0,TR-,H^), (2.3) 

[PGC{%TR];H^)nL^ {0 ,Tr;H^), 

where we denote = H^{Br) for positive integer k. 

Next, for Q C the following weighted L™'-bounds for elements of the Hilbert space 
ii^’^(H) = {u E F1 iq^(H)|Vu E L^(H)} can be found in [23l Theorem B.l]. 

Lemma 2.2 For m E [2,oo) and 6* E (1 +m/2,oo), there exists a positive constant C such 
that for either H = or Ft = Br with R> 1 and for any v E il^’^(H), 


(log(e + |xp)) ®dx) <C\\v\\L 2 (^Bi)+C\\Vv\\L 2 (^n). 


In 


e + X 


llm 


(2.4) 


A useful consequence of Lemma 12.21 is the following crucial weighted bounds for elements 
of l)^’^(H), which have been proved in (2Ul Lemma 2.4]. 
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Lemma 2.3 Let x and rjQ he as in and O be as in Lemma \2.S^ Assume that p G 

L^{Q) n L°°{Q) is a non-negative function such that 



pdx > Ml, 


ll/’llLi(Q)nL°°(Q) < -^2, 


(2.5) 


for positive constants Mi, M 2 , and Ni>l with C Ll. Then for e > 0 and p > 0, there is 
a positive constant C depending only on e, p, Mi, M 2 , Ni, and po such that every v G 
satisfies 

\\vx~'^\\L(^+e)/^n) < (^ 11 / 91 /^ 11 ^ 2 ( 0 ) + C\\Vv\\L2(^n) ( 2 . 6 ) 

with p = minjl,?]}. 


Finally, the following L^-bound for elliptic systems, whose proof is similar to that of [7l 
Lemma 12], is a direct result of the combination of the well-known elliptic theory [3] and a 
standard scaling procedure. 

Lemma 2.4 For p > 1 and k > 0, there exists a positive constant C depending only on p 
and k such that 

11II IIP (s^) < CII Au||n/fe,p(5^), (2.7) 

for every v G satisfying 


V = 0 on Br. 


3 A priori estimates 

In this section, for r G [l,oo] and k > 0, we denote 

[ ■dx= [ -dx, L^ = U{Br), = W^’'^{Br), 

J Jbr 

Moreover, for R > ANq > 4, assume that {po,uo, Hq) satishes, in addition to (12.111 . that 

1/2 < / po{x)dx < / po{x)dx < 3/2. (3.1) 

d BrIq J Br 

Lemma O thus yields that there exists some Tr > 0 such that the initial-boundary-value 
problem (HI) and (|2.2I) has a unique classical solution {p,u,P,H) on Br x [0,Tr] satisfying 

(lOD. 

Let x,pQ,a, and q be as in Theorem 11.11 the main aim of this section is to derive the 
following key a priori estimate on ^|J defined by 

V’(t) =1 -I- ||/9^/^u||x, 2 -|- ||Vtt||^2 -(- ||VM||£,2 -|- ||x“/^M||£, 2 -|- ||®“p||Lin//inVKi’9- (3.2) 


Proposition 3.1 Assume that {po,uo, Hq) satisfies (I2.1jl and dsH). Let {p, u, P, H) he the 
solution to the initial-boundary-value problem o and (12.21) on Br x (0, Tr] obtained by 
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Lemma, fg771 Then there exist positive constants Tq and M both depending only on a, 

rjQ, No, and Eq such that 

sup (ipit) + Vt\\y/put\\L 2 + Vt\\Ht\\L 2 + Vt\\v‘^u 

0<t<To ^ 

+ J 11 11 + ||V^'W'|li2 + ||V^i?||^2 + \\Ht 

+ f ° {i\\^ut\\h+t\\NHt\\l2) dt < M, 

Jo 

where 

-®o —\\pd ^o||l2 + ||Vuo||l 2 + ||V-fro||L2 + ||^“po||Lin//inVKi’9 + ll^'^^^-f^o||L2. 

To show Proposition 13.11 whose proof will be postponed to the end of this section, we begin 
with the following standard energy estimate for [p, u, P, H) and the estimate on the L^-norm 
of the density. 

Lemma 3.2 Under the conditions of Provosition COl let {p,u, P, H) be a smooth solution to 
the initial-boundary-value problem (HI) and (12.211 . Then for any t > 0, 

sup (||p||LinL°° + + 11 ^/^ 1112 ') + / (||Vn||^2 + ||V//||^2) ds < C, (3.4) 

0<s<t ^ ^ Jo 

where (and in what follows) C denotes a generic positive constant depending only on p, v, q, a, 
po, No, and Eq. 


\l 2 + Vt\\VP\\L2 + Vt\\V^H\\L2 


\l2 + WVHx^/^Wl,'^ dt 


+ t||VP| 


L<i 


(3.3) 


Proof. First, applying standard energy estimate to (HI) gives 

sup (||p^'^^u ||^2 + 11 ^ 711 ^ 2 ') + f (||Vu ||^2 + ||VFf||^ 2 ) ds < (7. (3.5) 

0<s<t ^ ^ Jo 

Next, since divu = 0, it is easy to deduce from dni) 1 that (see [23]b 

sup IIpIIliol- < C. (3.6) 

0<s<t 

This together with (13.51) yields (|3.4p and completes the proof of Lemma 13.21 □ 

Next, we will give some spatial weighted estimates on the density and the magnetic. 

Lemma 3.3 Under the conditions of Provosition COl let {p,u, P, H) be a smooth solution to 
the initial-boundary-value problem a and (|2.2p . Then there exists a Ti = Ti{No,Eo) > 0 
such that for all t € (0,Ti], 


snp (Wpx^Li+ \\Hx^/^\\l,) + [ \\VHx^/^\\l,ds <C. (3.7) 

0<s<t ^ ^ Jo 

Proof. First, for N > 1, let ipN G (7^(7?at) satisfy 

0 < ipN < 1) Tn{x) = 1, if lx| < N/2, iVyjArl < CN~^. (3.8) 
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It follows from (ll.ip i and (j8.4l) that 

^ J P^ 2 Nodx = j pu- Vip 2 Nodx 


-CNq^ (^j pdx^ ' (^j ' > -C{Eq). 

Integrating (13.91) and using (|3.ip give 


\ 1/2 


> -( 


(3.9) 


inf 


0<t<Ti Jb, 


L 


pdx > inf / pip 2 Nodx > / PoP 2 Nodx - CTi > 1/4. 


'2JVo 


0 <t<Ti 


(3.10) 


Here, Ti = min{l, (4(7)“^}. From now on, we will always assume that t < Ti. The com¬ 
bination of (I3.10p . (|3.4I) . and (12.61) implies that for e > 0 and p > 0, every v G T>^’^(Hr) 
satisfies 

< C{e,p)\\p^/‘^v\\L 2 + C{e,p)\\Vv\\l 2 , (3.11) 

with p = min{l, p}. 

Next, multiplying (jl.ip ^ by and integrating by parts imply that 


A. 

dt 


< C\\pX°'~^^'^\\ 8+a ||i8+a 


(3.12) 


L 

< CWpVl-^WpxTli" {\\p^^‘^u\\l2 + || Vu || i 2 ^ 

< C (1 -I- Wpx^Wl^) (l + IIVUIII 2 ) 

due to (13. 4p and (13.lip . This combined with Gronwall’s inequality and (13.41) leads to 

sup ||/?x“||ii < Cexp Ic / (1 + ||Vu||^ 2 ) dsl < C. (3.13) 

o<s<t [Jo J 

Now, multiplying ms by Hx'^ and integrating by parts yield 




1 


where 


= -y \H\ lS.x°'dx + J H-Vu ■ Hx°'dx + - J \H\ u-Vx^dx 

^ 7i + /a + Is, 

\I2\<C\\Vu\\l4Hx^^^\\% 

< C\\Vu\\l2\\Hx^/^\\l2{\\VHx^/^\\l2 + \\HVx^/^\\l2) 

< C'(||Vu||i2 + + j\\VHx-/Yl2, 

< C\\Hx-/Yl^+C\\Hx-/Yl^ {Wp^^Mh + llVulli.) 

< C (1 + ||Vu||i2) + ^\\VHx^/Yl2, 


(3.14) 


(3.15) 
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due to Gagliardo-Nirenberg inequality (see [27]), (18.4p . and (|8.11l) . Putting (j8.15p into (I8.14|) . 
we get after using Gronwall’s inequality and (13.41) that 

sup ||i7x“/2||2^+ /" < Cexpjc / {l + \\Vu\\l 2 ) ds\ < C, (3.16) 

0<s<t Jo [Jo } 

which together with (|3.13l) gives (13.7p and finishes the proof of Lemma 13.31 □ 


Lemma 3.4 Let [p, u, P, H) and Ti he as in Lewma \S.S\. Then there exists a positive constant 
a > 1 such that for all t E (0, Ti], 

sup (||Vn||i, + ||Vi7||i.) 


+ {\\p^^^Us\\l 2 + \\V\\\l 2 + \\Hs\\l 2 + ds<C + C^%“(s)ds. 

Proof. Multiplying 02 by ut and integrating by parts, one has 

/i— J |Vupdx + J p\ut\‘^dx<C j p\u\^\S/u\^dx + J H-VPJ-utdx. 


(3.17) 


(3.18) 


First, it follows from (j3.4p . (13.71) . and (|3.11l) that for any e > 0 and any p > 0, 

3 fja 3 f}a 

\\p^v\\L(2+e)/ii <C\\p^X^^^\\ 4(2+e) ||uX~^(2+e) || 

L a»7 L 17 


/ 


4(2+e)T7 


<C[fp 3^ ^ px°'dx 


4(2+e) 


Sfja 


\vS:-^\\^^ (3.19) 

4(2+6)77-377 3 fj 

< iif.i“ii2r'> (ynu, + iiv-iiy 

< + C’IIVt.IIi,,, 

where i) = min{l,r/} and v E In particular, this together with (13.41) and (13.111) 

derives 


\\p'^u\\^i2+e)/i) + \\UX ^||i(2+6)/lj < C{1 + ||VU||£,2), 
which combined with Holder’s and Gagliardo-Nirenberg inequalities yields 

j p\u\‘^\Vu\‘^dx < C'||/9^/^u||^8||Vu||^8/3 

<C||p'/\||i8||Vu||5,/'||Vrr||J/? 

< + e\\V^u\\l2, 

where (and in what follows) we use a > 1 to denote a genetic constant, which may be different 
from line to line. 

For the second term on the right-hand side of (|3.18p . integration by parts together with 
04 and Gagliardo-Nirenberg inequality deduces that 

j H-VH- utdx = -^ J H-Vu- Hdx + j HfVu- Hdx + j H-Vu- Htdx 
r! r — ^ 

<-jJ H-Vu-Hdx + ^||77t||i2 + C'||77||i4||Vu||i4 
ri r — ^ 

<--y H ■Vu-Hdx+’^\\Ht\\l2+C\\H\\L2\\VH\\L2\\Vu\\L2\\Vu\\m 

ri r — ^ 

< -— H -Vu-Hdx + —\\Ht\\l 2 + e\\V‘^u\\l 2 + 
dt ./ 2 


(3.20) 


(3.21) 


(3.22) 


























Inserting (j.S.2ip - (l3.22p into (I3.18|) gives 


A 

dt 




B{t) + / p\ut\ dx < e||V n ||^2 + -Tr\\Ht\V^ + 


(3.23) 


where 


satisfies 


B{t)^p\\Vu\\l,+ I 


H -Vu- Hdx 




||Vn||i 2 - CiWVHWl, < B{t) < C\\Vu\\l, + CllV^Hi^. 


(3.24) 


Moreover, it follows from (jl.ip -? that 


A 

dt 


\VH\\l2 + \\Ht\\l2 + u'^WAH 


|2 

Il2 


<C\\\H\\Vu\\\l 2 +C\\\u\\VH\\\l 2 
< C7||if 11^2IIIIVn||i2 + C'||x-“/"n||is ||x“ 


/^VH\\L2\\VHh, 


(3.25) 


< —IIAi^l 


L2 


+ + C\\A^VH\ 


L2 


(3.26) 


due to (j2.7p . (j3.20p . and Gagliardo-Nirenberg inequality. Multiplying (j3.25p by u ^(Ci + 1) 
and adding the resulting inequality to (|3.23l) imply 

— {B{t) + (Cl + l)||V7r||^2) + \\p^^‘^ut\\‘j^2 H ^Il-f^t|li2 + -||Aff||^2 

< CV'^ + Cllx^/^VFllI^ +e||v2n||i2. 

On the other hand, since (p, u, P, H) satisfies the following Stokes system 

—pAu + VP = —put — pu ■ Vm + H ■ VP — ^V|Pp, X G Br, 

< divu = 0, X £ Br, 

n(x) = 0, X £ dBn, 

applying the standard P-estimate to (|3.27p (see [28]) yields that for any p £ (1, oo), 
llV^nllip + ||VP||lp < CIIpuiIIlp + C||pn-V uIIlp +C|||P||VP|||lp. 

Then, it follows from (13.281) . (13.411 . (13.201) . and Gagliardo-Nirenberg inequality that 
\\^^U\\12 + IIVPIII 2 

< C||pni||i 2 + C||pn • Vu||i 2 + C|||P||VP| 11^2 
<Cl||p||L-IIVP«tlli2+Cl||p^lli4||Vn||i4 + C||P||i4||VP||i4 
<C||Vp^i||i2+C||pn||i4||Vu||i2||Vn||^i+C||P||i2||VP||i2||VP||^i 

< + ^llV^Plli^ + ^||V\||i2 + C (1 + ||VP||i2 + ||Vn||i2) 

< cwVputWh + ^liv^piii^ + ^||v\||i2 + cr- 

Finally, substituting (|3.29p into (|3.26l) and choosing e suitably small, one gets 


(3.27) 


(3.28) 


(3.29) 


(P(f) + (Cl -I- 1)||VP||^2) + 7 t||P^'^^'Wi||^2 + 


A 

dt 

< CV^" + C||x“/2vP|| 




M mO M . mO 

— ll-f^t|lL2 + -||AP||^2 


(3.30) 


L2- 


Integrating the above inequality over (0,t), it follows from (|2.7p . (13.241) . (|3.7p . and (|3.29l) that 
(I3.17P holds. The proof of Lemma 13.41 is finished. □ 
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Lemma 3.5 Let {p, u, P, H) and Ti he as in Lewma \H.S[. Then there exists a positive constant 
a > 1 such that for all t E (0, Ti], 


sup (s\\p^/‘^Us\\l 2 +S||^fs|| h 

0<s<t ^ 


< C exp 




'L [ ('®ll^'^s|li2 + s|| Vi?s||^2) ds 

Jo 


(3.31) 


Proof. Differentiating (ll.ip ^ with respect to t gives 


putt + pu-Vut- pAut 


= -pt{ut + u ■ Vu) — put ■ Vu 


VPt + 


(h -VH - -V\H 

V 2 ' 



(3.32) 


Multiplying ()3.32p by ut and integrating the resulting equality by parts over Br, we obtain 
after using dEU) ^ and (jl.ip ^ that 


— / + h j iVuil^dx 

< Cy plullutl (|Vut| + |Vup + |u||V^u|) dx + C J /?|up|Vu| |Vut|dx 

+ C y p\ut\‘^\Vu\dx + y Hf'S/H-utdx + J H-VHfUtdx 

5 

= E^- 

2=1 


(3.33) 


We estimate each term on the right-hand side of (j3.33p as follows. 

First, it follows from (I3.19p . (I3.20p . and Gagliardo-Nirenberg inequality that 

h < (l|Vut||i2 ||Vn||^4) 

+ C\\p^/\\\\t2\\p^^'^ut\\'"J^2\\p^^‘^ut\^^^^ 

< C{1 + \\Vu\\\ 2 )\\p^^"^uttl 2 ||Vut||i2) ' (3.34) 

■ (ll^'“t||L2 -I- ||Vu|||2 + ||Vu||/^2 ||V^tt||j^2 -|- ||V^tt||j^2) 

< |l|Vnt||i2 + Cr\\p^'‘^ntf ^2 + + C (1 + WVuWl^) \\vMh- 

Then, Holder’s inequality combined with (I3.19P and p3.20p leads to 

i2 + h< c\\p^/MlsML4^uth^ + c\\vuh2\\^^^^^ 

< ^w^utwh + crwp^^^ntwi.+c{r + w^Mh) ■ 

Next, integration by parts together with (in])4, Holder’s and Gagliardo-Nirenberg inequalities 
indicates that 


I 4 + I 5 = — J Hf Vut ■ Hdx — J H ■ Vut ■ Htdx 
<^\\Vut\\l.+C\\H\\l,\\Ht\\l. 


(3.36) 
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where the constant C 2 is dehned in the following (j3.44p . 

Snbstituting (j3.34l) - (j3.36p into (|3.33p . we obtain after nsing (j3.29l) that 


< C'V’" ^1 + \\p^^‘^ut\\\2 + \\Ht\\\2^ 

Differentiating dnis with respect to t shows 

Htt — Ht-Vu — H-'Vut + UfVH + u- 'VHt = uAHt. 
Multiplying p3.38l) by Ht and integrating the resulting equality over Br yield that 


2 dt 


j\Ht\^dx + 


VHtVdx 


/ 


= J H-Vuf Htdx - j UfVH- Htdx + J HfVu- Hfdx - j u- VHt ■ Htdx 

= Es.. 


2 = 1 


On the one hand, we deduce from (|3.1ip and p3.16p that 


(3.37) 


(3.38) 


(3.39) 


^5, <0||Vui||i2||77t||i4||F||i4+C||VFi||i2|||ut||77|||i2 


2=1 


< 01177^11^4 + CWVutWh + gl|V77i||i. + C\\\ut\\H\\\l, 

< jWVHtWl^ + C\\Ht\\l2 + C\\Vut\\l2 + C'||uiX-“/4||i8||77x“/2||^,||//||^4 

< ^WVHtWl, + C\\Ht\\l, + CWVutWl, + C\\p^/^ut\\l2, 


where one has used the following estimate 


sup |||77|^||^2 + 

0<s<t 


f |||V77||77|||22ds < C. 

Jo 


Indeed, multiplying (jl.lh n by 77|77p and integrating by parts lead to 




2||2 

IIl2 


)^ + i/|||V 77||77|||22 + ^||V|77 


| 2||2 
Il2 


< C\\Vu\\L2\\\H\^\\i4 < C\\Vu\\l 2 \\\H\^\\l 2 \\V\H\^\\l 2 
<^l|V|77|2||2,+C||Vu||i2|||77|2||2„ 


(3.40) 


(3.41) 


(3.42) 


which together with Gronwall’s inequality and (13.4p gives (I3.41D . 

On the other hand, integration by parts combined with (ini)4 and Gagliardo-Nirenberg 
inequality yields 

4 p 

Y,Si= I HfVu-Htdx<C\\Ht\\L2\\VHt\\L2\\Vu\\L2 < "^WVHtWl^ + 

2=3 


(3.43) 
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Inserting (j.S.40p and (jS.d.'Ijl into (|3.39p . one has 

j^WHtWh + {\\Ht\\l 2 + Wp^'^utWl^) + C 2 \\S/ut\\l 2 . (3.44) 


Finally, multiplying (|3.37p by p ^{€2 + 1) and adding the resulting inequality to (I3.44p . 
we get 


^ {p ^{C2 + '^)\\p^^‘^ut\\\2 + + ||Vut||^2 + -j\\^Ht\\\2 

< cr (1 + wml^ + \\p''^ut\\i 2 ) + c{i + wvuwi^) \\v^H\\i 


Multiplying (I3.45P by t, we obtain (I3.3ip after using Gronwall’s inequality and p3.17p . The 
proof of Lemma 13.51 is finished. □ 


Lemma 3.6 Let {p, u, P, H) and Ti he as in Lemma [J7S[ . Then there exists a positive constant 
a > 1 such that for all t G (0, Ti], 

sup (s\\V\\\l 2 +s\\V^H\\l 2 +s\\VHx‘^/^\\l 2 ) + [ sIIIliads 

0<s<t ^ 

< Cexp l^exp Ic J ijj°'ds 



Proof. First, multiplying (ll.lD q by Ai7x“ and integrating by parts lead to 

\jt / + ^ 

<C j |Vi7||77||Vu||Vx“|dx + C j |V77|2|u||Vx“|dx + C j |V77||A77||Vx“|dx 

5 

+ C [ |77||Vu||A77|x“dx + C' [ |Vn||V77px“dx = ^ J^. 


(3.47) 


i=l 


Using P3.16I) . (13.lip . Holder’s and Gagliardo-Nirenberg inequalities, one gets by some direct 
calculations that 

Ji <C||77 x“/2 11 ^ 4 ||Vu||i,4 II 11^2 

<C||i7x“/2||V2 (^||v77x“/2||^2 + ||77x“/ 2||^2)'^' ||Vn||^/"||Vu||J/i'||VFx“/2|U2 
+ CllV^ull^a + CV^“||V77 x“/2||2^, 

J 2 <G|||V77P“3S:x““3 II 6a ||ux~3 |L6a|||V77|^|L6a 

6a —2 

6a-2 _2_ 

<C^/;“||Vi7x“/2||j- ||VLr|||“4 < CV’"||V77 x“/2||2^ +c||V77||24 

<CV^“||V77x“/2||2^ + ^||A77x“/2||2 2, 

J 3 + -h <^||A77x“/2||2^ + C\\VHx^/^\\l2 + C||77x“/2||2^||Vu||24 

<^||A77x“/2||2^ +C||V77x“/2||2^ 

+ C||77x“/ 2||^2 (||V77r/2||^2 + ||77 x“/ 2||^2) ||Vu||i2 ||Vu||^,i 

<e||A77x“/2||2^ + CV^“||V77 x“/ 2||2^ + + CUV^uH^j, 

J 5 <C||Vu||lco||VFx“/2||2^ < c + l|v2n||S^^+^^/^) ||V77x“/2||2^. 

(3.48) 
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Substituting the above estimates into (I3.47jl gives 


d 

dt 


j\VH\^x^dx + y 


||V77x“/ 2||2^ + c {\\V^u\\l 2 


+ V’") ■ 


(3.49) 


Now, we claim that 

+ s\\VMh + «I|VP||L) ds 

^Cexplc J 'ip°'{s)ds^ , 


(3.50) 


whose proof will be given at the end of this proof. Thus, multiplying (13.491) by t, we infer 
from (I3.16p . (|3.17p . p3.50p . and Gronwall’s inequality that 


sup (s\\\7Hx^/^\\l 2 

0<s<t ^ 


+ J s||Ai7a:“/^||^2ds < Cexp l^exp 




(3.51) 


Next, it is easy to deduce from (ll.ip n. (12.7p . (13.5p . (|3.20l) . Holder’s and Gagliardo-Nirenberg 
inequalities that 

\\V^H\\l2 < C||Fi||i2 +G|||u||V77|||i2 +G|||77||Vn|||i2 

< C||77i||i2 +G||ux-“/"||i8||VFx“/2||^,||V77|U4 +G||i7||i2||v2F||i2||Vu||i2 

< C||i7i||i2 +C||VFx“/ 2||2^+C||ux-“/"||i8||V77||i4+ C||v2F||i2||Vn||i2 

< C||i7i||i2 + C||VFx“/2||2^ + ^\\V^H\\l2 +C{1 + \\Vu\\l2) (l + IIVT^H^^) , 

(3.52) 

which together with (I3.29P gives that 

llV^^xll^^ + IIVPII^^ + IIV^FII^^ 

< C [WVputWl^ + \\Ht\\l2 + ||VPx“/2||2,) + c (1 + llVnlli^) (1 + WVHWl^) . 


Then, multiplying (13.531) by s, one gets from (13.171) . (I3.3ip . and (13.511) that 


sup (s||V^ri ||^2 + s||VP ||^2 + s||V^ 7711 ^ 2 ) 

0<s<t 


< C exp C exp 

< C exp 




^p^ds) ^+C 1+ / V’“(s)ds 
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(3.54) 


which combined with (13.511) implies (I3.46p . 

Finally, to finish the proof of Lemma [3.61 it suffices to show p3.50p . Indeed, choosing p = q 
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in (I3.28p . we deduce from ()3.4|) . (I3.19|) . and Gagliardo-Nirenberg inequality that 

||V\||l. + ||VP||l. <C{\\put\\L<^ + \\pu • Vu\\l. + \\\H\\VH\\\l.) 

< C iWputh^^ + \\pu\\l24Vu\\l2, + \\H\\l24^H\\l24 


+ cr (i + 


+ CV’“ [I + , 

which together with (I3.17I) and (j3.3ip implies that 





/ t , , , , 1 -1 (q-2)(q+l) 

s~~ (^s\\p^/^u 4 l 2 y^’’ {s\\Vut\\l 2 ) ds 


9+1 


+ c 


j^\\p^/^u44 ds + c(^1 + \\VM4^ +||v^/7||^r 


/ \ 4~^ /■* 5 + 1 (9-2)(5+1) 

<C sup (s\\p^^‘^u4l2)'’'^‘’ / S~~ (sllVutll^z) ds 

0<s<t ^ 'JO 


+ C 


y""+ \\p^^^u4h+ \\^^U 


ds 


. —2g —2 

a^d-rt^ - 



<Cexp|C J 1^1 + J (s +s\\Vu 4 i 2 ]ds 

<(7 exp I C J 'i/j°'ds 


and 




(3.55) 


(3.56) 


[\s\\VMh + s\\VP\\lq)ds 
JO 

^ lo y\\p^/‘^u 4 ] 

+ C sij° (l + II + \\V^H\\l-^y ' ds (3.57) 

G f s\\p^/^u4l2ds + C [\\\Vu4l2ds + C [\^P^ + s\\VMl2 + \\^^H\\h)ds 

Jo Jo Jo 


<(7 exp IC J 'ijj^ds 

One thus obtains p3.50p from p3.56p ~ p3.57p and finishes the proof of Lemma [3l6l 


□ 


Lemma 3.7 Let {p, u, P, H) and Ti be as in Lemma \3.tA Then there exists a positive constant 
a > 1 such that for all t E (0, Ti], 


sup \\px°'\\LinH^nwi’i < exp < Cexp <C if^ds 

o<s<t L I 7o 


(3.58) 
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Proof. First, it follows from Sobolev’s inequality and (j8.20l) that for 0 < <5 < 1, 


ux ^\\l^ <C{6 ) (\\ux ^\\j^ 4 /s + \\V{ux '^)||l3 ^ 

< C{6) (^\\ux~^\\l4/s + ||Vn||i3 + ||nx"'^||^4/5||x"^Vx||^i2/(4-35)) (3-^9) 

<C(<5) + \\V\\\l2) . 


One derives from (jl.ip i that px°‘ satisfies 


dt (/Ox“) + n • V(/Ox“) — apx’^u ■ V log x = 0, (3.60) 

which along with (I3.59P gives that for any r G [2, ( 7 ], 

^||V(/5x“)||l. <C (1 + IIVuIIloo + ||n • VlogxIUoo) ||V(75 x“)||l^ 

+ C'||yOx“||Loo (|||Vtt||Vl 0 gx|||Lr + |||U||V^ lOgxIllLr) 

<C (r + ||V2u||i2nL0 \\V{px<^)\\Lr (3.61) 

+ Cllpx^llioo (^\\Vu\\Lr + \\uX~i\\L4r\\x~^\^i^ 

<C {r + llV^ull^^n^O (1 + \\V{pxn\\Lr + ||V(px“)||m) , 

where in the last inequalities one has used (I3.13[) . 

Finally, using ()3.17p . (j3.50p . (|3.7I) . (I3.6ip . and Gronwall’s inequality, one thus gets ^3.581) 
and completes the proof of Lemma 13.71 □ 

Now, Proposition 13.11 is a direct consequence of Lemmas I3.2H3.71 
Proof of Proposition \3.1\. It follows from (13.4p , (|3.7I) , (j3.17l) , and (|3.58p that 


if{t) < exp 



Standard arguments yield that for M = and Tq = min{Ti, {CM°‘) ^}, 


sup Tp{t) < M, 

0<t<To 

which together with (j3.17p . (j3.3ip . (I3.46p . and (j3.50p gives (j3.3p . The proof of Proposition 
ED is thus completed. □ 


4 Proof of Theorem 11.11 


With the a priori estimates in Section 3 at hand, it is a position to prove Theorem 1.1. 
Proof of Theorem \l. 1[ Let {po,uo, Hq) be as in Theorem 11.11 Without loss of generality, 
we assume that the initial density po satisfies 



= 1 , 


which implies that there exists a positive constant Nq such that 



podx > - 



3 

4' 


(4.1) 
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We construct Pq = Pq + R 1^1^, where 0 < /5^ G satisfies 

/ is^o 

[x'^p^ xVo in L 1 (R 2 ) n n asR^oo. 


(4.2) 


Noting that G L^(M^) and VHq G we choose G {tc G C^{Bji) \ divrc = 0} 

satisfying 

(4.3) 

= 0. (4.4) 


^ VHo in l2(r2 ), as R^oo. 

Since Vuq G L^(R^), we select vf G C^{Br) (i = 1,2) such that for f = 1,2, 


lim ||fj^ — diUo 
R^oo 


We consider the unique smooth solution Uq of the following elliptic problem: 

-/\u^ + p^u^+ VP^ = - divf, vo-Br, 

divrt^ = 0, in Br, 


Uo = 0, 


on OBr, 


(4.5) 


where = {^/f^uo) * ji/R with js being the standard mollifying kernel of width 6. 
Extending Uq to R^ by defining 0 outside Br and denoting it by Uq, we claim that 

“ ^^o)||l2(r2) + II“ v^^^o||l2(r2 )^ = 0. (4.6) 


In fact, it is easy to find that Uq is also a solution of ()4.5p in 
and integrating the resulting equation over R^ lead to 


Multiplying (14.5p by Uq 


[ Po\uo\‘^dx+ [ {Vu^l'^dx 
JR'^ iR2 


^ \\\/Po'do\\L^{BH)\\d^\\L^(Bii) + C'lb/^llL2(Sjj)||9iff^||l,2('5^) 


,R 


R\ 


-R\ 


< O ll^^?llL2(Bfl) + 9 / + ^Il^^lli2(s^) + ^11^/^1112(5^) 


„R\~R\2 


R\\2 


,. H ||2 


which implies 


>Br 


Po\‘d^\‘^dx+ I \VuQ\^dx<C 


Rl2, 


(4.7) 


for some C independent of R. This together with (14.2p yields that there exist a subsequence 
Rj oo and a function tto G {fio £ -f^/oc(^^)l£ T^(R^), Vuo £ T^(R^)} such that 


'Po^Uq^ yf^uo weakly in L^(R^), 
weakly in L^(R^). 


(4.8) 


Next, we will show 


Uq = Uq. 


(4.9) 


Indeed, multiplying (14.51) by a test function vr G (^“(R^) with divvr = 0, it holds that 



Uq) ■ diirdx + 



■ ndx = 0. 


(4.10) 
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Let —)• oo, it follows from (I4.2jl . (j4.4p . and (I4.8p that 


/ di{uQ — uq) ■ di-ndx + / po{uQ — uq) ■ Trdx 
JR2 Jr2 


= 0 , 


(4.11) 


which implies 

Furthermore, multiplying (14.51) by and integrating the resulting equation over by 
the same arguments as (I4.11h . we have 

lim f dx = f (| VuoP + pokoP) d®, 

Rj^ooJ^2 V / Jr2 

which combined with (14.8p leads to 


lim / |Vu^-’pdx= / |Vuo|^c?2^) li™ / Po^'’1'^^^ = / po|uo|^c? 2 ; 


| 2 , 


This, along with (|4.9I) and (I4.8F gives 

Hence, by virtue of Lemma f2.1l the initial-boundary-value problem (II.ID and (12.2D with the 
initial data (p^, Uq, Hq) has a classical solution (p^, H^) on Br x [0, Tr]. Moreover, 

Proposition 13.11 shows that there exists a Tq independent of R such that (13.3D holds for 

For simplicity, in what follows, we denote 

LP = LPiR^), W^’P = VF''’P(m2 ). 

Extending (p^, P^, H^) by zero on \ Pr and denoting it by 

p^^ipRP^,u^,P^,H^ 


with (pR satisfying (13.8D . First, (13.3D leads to 

< sup (||\/^w^IIl 2 (r^) + ||Vu-^||r 2 (r^) + ||VP^||r 2 (r^) + (4-12) 


sup 

0<t<To 


.RrR\\.. + ||Vu^||r2 + ||VP^||r2 + 


L2 


0<i<To 

<C, 


and 


sup ||p^x“||RinLoo < C. 
0<t<To 


(4.13) 


Similarly, it follows from (|3.3p that for q > 2, 


sup t 
0<t<To 

fTo 

+ 


1/2 


p«uf IU 2 + + \\Vm^L 2 + ||Pf IU 2 


< c. 


i: 

i 


p^RfWh + liv^n 


2„-K||2 ^ ||#/J||2 + IIAP^II^a + ||VP^rr“/2||2 A 


L2 “T 11^1 IIl2 
'2r;iJ||2 , +||V7~R||2 


(4.14) 


+ t\\V^u^\\l, + i||Vuf 11^2 + t||VP"||^2) dt 
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Next, for p G [2, q], we obtain from (13.3^ and (|3.58p that 


sup ||V(p^x“)||lp < C sup {\\V{p^x'^)\\LP(Bn)+R ^\\p x''\\lp(Br}) 
0<t<To 0<t<To 


< C sup Up x°‘\\m{BR)r\W^^p(Ba) < C, 

0<t<To 


which together with (13.59^ and (j3.3h yields 

r-To f-To 


WxpfWlpdt <C lkl«^l|Vp^|||ip(B^))dt 


< C 


pTo 

/ 

Jo 


-l-a„ R||2 




\\LP{Bii) 


dt 


< C. 


(4.15) 


(4.16) 


By virtue of the same arguments as those of (|3.46l) and (|3.50l) . one gets 

sup t^/^\\VP^L 2 + [ ° fllVP^II^j + dt < C. (4.17) 

0<t<To Jo ^ ' 

With the estimates (I4.12p ~ (l4.17p at hand, we find that the sequence {p^,u^,P^,H^) 
converges, up to the extraction of subsequences, to some limit (p, u, P, H) in the obvious 
weak sense, that is, as i? —)• oo, we have 

p^x — px, in C{Bn X [0, To]), for any > 0, (4-18) 

p^x“ ^ px“, weakly * in T“(0, Tq; n W^’P, (4.19) 

^R-a /2 ^ ^-a/ 2 ^ weakly * in L°°(0 , Tq; T^), (4 .20) 

y/pu, Vu^ Vu, VH^ VH, weakly * in T°°(0,To; T^), (4.21) 

^ V\, VP^ ^ VP, weakly in L^(0,To;L'') n l2(m2 x (0,To)), (4.22) 

PP Ht, ^ ^ V^P, weakly in x (0,To)), (4.23) 

VtV'^u^ VtV'^u, weakly in T^(0, Tq; L”^), weakly * in L°°(0, To; T^), (4.24) 

Viy/put, VtVP^ VtVP, weakly * in T°°(0, To; T^), (4.25) 

VtH^ ^ VtHt, ViAH^ ^ VtAH, weakly * in T°°(0, To; T^), (4.26) 

VtVuf VtVut, VtVHj^ VtVHt, weakly in x (0, To)), (4.27) 

with 

px“ G T°°(0,To;T^), inf f p{x,t)dx>^. (4.28) 

0<t<To 4 

Then letting R oo, standard arguments together with (I4.18h - (l4.28h show that (p, u, P, P) 
is a strong solution of ()l.ip - (|1.2p on x (0, Tq] satisfying ()1.6I) and ()1.7p . Indeed, the existence 
of a pressure P follows immediately from the (jl.ip 2 and by a classical consideration. 

The proof of the existence part of Theorem 11.11 is finished. 

It remains only to prove the uniqueness of the strong solutions satisfying (II.6p and ([ni). 
Let (p, u, P, P) and (p, u, P, P) be two strong solutions satisfying (jl.6|] and (jl.7p with the 
same initial data, and denote 

0 = p-p, U = u-u, $ = P-P. 
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First, subtracting the mass equation satisfied by (p, n, P, H) and (p, u, P, H) gives 


0t + if • V0 + [/ • Vp = 0. (4.29) 

Multiplying (14.290 by 20x^^ for r E (1, a) with a = min{2, a}, and integrating by parts yield 

< 110X^1^2 +C'||0x''||i2||f7x“(“"'’)||^2,/((9-2)(a-r))||x“Vp||£,25/(9-(5-2)(a-.)) 

< C7 (1 + II||0xnii2 + C||0xnU2 {\\VU\\l. + \\y^U\y) 

due to Sobolev’s inequality, (|1.7p . (13.lip , and (j3.59l) . This combined with Gronwall’s inequal¬ 
ity shows that for all 0 < t < Tq, 


110 ^ 11^2 <C / (||Vt/||i 2 + ||Vpt/||L 2 )ds. 


(4.30) 


Next, subtracting the momentum and magnetic equations satisfied by (p, u, P, H) and 
(p, M, P, H) leads to 

pUt + pu ■ VU — pAU = — pU ■ Vu — Q{ut + u ■ Vu) — V(P — P) 

1 /, ,2 ,-,2N - ('^•31) 

- -V (|P|2 - \H\^) +H + VH, 


and 


- z2A4> = H - vu + ^ - Vu-u-V^ - U ■ VP. 


(4.32) 


Multiplying (14.310 and (I4.32p by U and <1>, respectively, and adding the resulting equations 
together, we obtain after integration by parts that 

^ J (p|P|2 + |$p)dx + J (p|VP|2 + z2 |V4>|2) dx 

< C||Vii||Loo y [p\u\^ + \^\^) dx + C J |0||P|(|nt| + |n||Vn|)dx 


/' 

C'IIV'uIIlco y (^p\u\‘^ + \^\‘^) dx + 


- I ^-VU- Hdx - I U-VH-^dx 

3 


(4.33) 


We first estimate Ki. Holder’s inequality combined with (|1.70 . (12.60 . ()3.30 . and (I4.30p 
yields that for r E (l,a), 

Pi < C||0xn|L2||Px-’'/2||^4 {\\utX-'^/^\\L, + ||Vi2||Loo||iZx-^/2||^4) 

^ C'(^) {\\'/P^t\\L2 + ||V'«i|||2 + IIVullloo) ||0x''|||2 

+ e[\\^pU\\l, + \\VU\\l,) (4.34) 

<C(£)(l + t||Viii||i2+t||V\||L) [ (||VP||i2 + ||^/pP||i2)ds 

Jo 

+ ^{\\VpU\\l, + \\vu\\l,). 
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For the term iF 2 , we derive from Gagliardo-Nirenberg inequality and (jd.dip that 


K2 <C\\H\\LAmLA\^U\\L2 

<e\\VU\\l,+e\\Vnh+C{e)m\l^. 

The last term iFs can be estimated as follows 

iFs <C\\Ux-'^\\la\\\S/H\^/‘^x^\\l4\VH\^/'^\\la\\^\h 
<C{\\4-pU\\L2 + \\VUh 2 ) 

<e {WVpUWl, + \\VU\\l,) + Cie)\\VHx'^^4L2\ml, 

<^(ll^^^t^lli2 + l|V[/||iO+^||V$||i2+C(e)||V^x“/2||i,||$||23 


(4.35) 


(4.36) 


owing to (fTTll . ra . and B . 

Denoting 

G{t) ^ wvpuwi^ + \mh + f {\m\\i, + iiv4>iii, + \\4-pu\\i,) ds, 

Jo 

then substituting (|4.34l) - (|4.36l) into (I4.33P and choosing s suitably small lead to 
G'{t) < C (1 + IIVuIIloo + WVHxG^WI, + t\\Vut\\l 2 + illV^ulli,) G{t), 

which together with Gronwall’s inequality and (|1.6p implies G{t) = 0. Hence, U{x,t) = 0 
and 4>(x,t) = 0 for almost everywhere {x,t) G x (0,T). Finally, one can deduce from 
(I4.3np that 0 = 0 for almost everywhere {x,t) G x (0,r). The proof of Theorem 1.1 is 
completed. □ 
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